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Intro Implementation Physis ConlusionsNumerial relativityWe are interested to aurately determine the gravitational waveontent and physial properties of spaetimes whih are:Strong.Dynamial.Without symmetries.In the strong-�eld, dynamial regime, nonlinear terms of the Einsteinequation play an important role � approximations break down.We resort to numerial omputation (omputer simulation) todetermine solutions of the Einstein equations:Rαβ − 12gαβR = 8πTαβFor the purpose of this talk, we onsider only vauum solutions, ie.Tαβ = 0. Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions The Catus CodeCatusBSSN 1st order in spae, 2nd order in time1+log lapseFor the Bona-Massó sliing onditions:
(∂t − βi∂i )α = −α2f (α)Kwe set f = 2/α

Γ-driver shift evolution
∂tβi = k∂t Γ̃i (k > 0)Carpet Adaptive Mesh Re�nement follows Punture movementWave Extration both with Zerilli Extration and theNewman-Penrose Ψ4Punture initial data with PN derived orbital parametersAssume a onformal fator of the form:

ψ = u + ΣNi=1mi2ri .Find C 2 solutions for u of the Hamiltonian onstraint:
∇̃2u +

18χ7Ãij Ãij (1 + χu)−7) = 0Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsBH Astrophysis with Numerial RelativityThere are a number of interesting physis results available fromstudying the last orbits, plunge and ringdown.State of the �nal BH from generi initial dataReoil of the �nal BHMode deomposition of the plunge waveform.These results are easily aessible, given reasonablequasi-irular/PN orbit parameters at late times.In a series of papers, we have studied the merger physis of binary-BHswith spins:Rezzolla et al., �Spin Diagrams for Equal-Mass Blak-Hole Binarieswith Aligned Spins�,Rezzolla et al., �The �nal spin from the oalesene of aligned-spinblak-hole binaries�,Rezzolla et al., �On the �nal spin from the oalesene of two blakholes�, Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsBlak Hole SpinsThe objetive of this talk is to derive aphenomenologial formula for spin of a blak holeresulting from the merger of two blak holes ofarbitrarily oriented spins and generi mass ratioThis has appliations for:statistial distribution of blak hole propertiessimulations of the entral regions of galaxiesdynamis of star lustersWe need to simulate 2 spinning blak holes over a 7Dparameter spae
{S i1, S i2,M1/M2}to get one �nal blak hole
{v ikik}{S i�n/M2�n}
Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsBlak Hole SpinsWe obtain a general 2nd order polynomial expansion with 5restriting assumptions for our oe�ients:mass radiated in gravitational waves may be negleted,M�n ≈ M: Mrad/M = 1 −M�n/M ≈ 5− 7x10−2magnitude of the �nal spin vetor is the sum of the initial spinvetors plus a third vetor, ℓ̃:S�n = S1 + S2 + ℓ̃

ℓ = L− JradThe vetor ℓ̃ is parallel to L with a resulting error in theestimate of ∼ |J⊥rad|2/|ℓ̃|2 ∼ |J⊥rad|2/(2√3M1M2)2 these errorsare small in all the on�gurations that we have analysedWhen the initial spin vetors are equal and opposite (S1 = −S2)and the masses are equal (q = 1), the spin of the �nal blakhole is the same as for the non-spinning binariesThe extreme mass ratio limit (EMRL) is trivialS�n = S1 if M 7→ 0Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsBlak Hole SpinsUsing these assumptions, it follows that:
|a�n| =

1
(1 + q)2 [|a1|2 + |a2|2q4 + 2|a2||a1|q2 osα+2 (|a1| osβ + |a2|q2 os γ) |ℓ|q + |ℓ|2q2]1/2 ,where osα ≡ â1 · â2 , osβ ≡ â1 · ℓ̂ , os γ ≡ â2 · ℓ̂ .In order to obtain |ℓ| we need to math this equation againstgeneral seond order polynomial expansions for:Equal mass, unequal but aligned spin binariesUnequal mass, equal spin binaries

|ℓ| =
s4

(1 + q2)2 `

|a1|2 + |a2|2q4 + 2|a1||a2|q2 osα
´

+

„ s5ν + t0 + 21 + q2 «

`

|a1| os β + |a2|q2 os γ
´

+2√3 + t2ν + t3ν2 .Numerial simulations to obtain s4, s5, t0, t2, t3.Test against generi misaligned spin binaries.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsFinal spin via horizon shapeValid one a ommon horizon has formed and settled down to aperturbed state.Measure equatorial irumferene Ce and polar irumferene Cpalong orthogonal great irles.Cr = Cp/Ce settles to a onstant value:Cr (j) =
1 +

√1− j2
π

E (− j2
(1 +

√1− j2)2)where j = a/M , and E (k) is the omplete ellipti integral of theseond kind E (k) =

∫ π/20 √1− k sin2 θdθ.This equation is integrated numerially to obtain j from the horizonshape. Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsParameter studies with spinning blak holesAligned spin leads to an orbital hang-up.r0 r1 r2 r3 r4 r5 r6 r7 r8
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Intro Implementation Physis Conlusions SpinsEqual Mass, Aligned Unequal Spin BinariesWe have arried out studies in the parameter spae of equal-mass alignedspin binaries, starting from non-eentri orbit.Vary the spin of eah BH from a = −0.6 to a = +0.6.Initial studies determined �nal BH parameters (�nal spin, radiated energy,kik) as a funtion of binary parameters.Kik depends quadratially on the spin di�erene, up to ∼ 450km/s in themaximal ase.Final spin is an almost linear funtion of the initial spins.
Spin of the �nal BH.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsAligned Unequal Spins, Equal MassThe resulting expression is:a�n = p0 + p1(a1 + a2) + p2(a1 + a2)2 .withp0 = 0.6883± 0.0003, p1 = 0.1530± 0.0004, p2 = −0.0088± 0.0005,p0 =

√32 +
t216 +

t364 , p1 =
12 +

s532 +
t08 , p2 =

s416 .predits a minimum and maximumspin:
(a�n)min ≈ 0.347
(a�n)max ≈ 0.959for aligned spins.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsUnequal Mass, Aligned SpinsThe spin of the �nal blak hole has been determined for very generiinitial onditions:Arbitrary aligned spinsUnequal massesIn the extreme-mass-ratio limit, approximation methods an be used.a�n = a + s4a2ν + s5aν2 + t0aν + 2√3ν + t2ν2 + t3ν3
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Intro Implementation Physis Conlusions SpinsAuray for Aligned spinsNumerial relativity results for non-spinning BHs (Jena, Goddard, PennState)Extreme mass ratio alulations for the m1 ≫ m2 limit(Buonanno-Kidder-Lehner 2007)a�n = a + s4a2ν + s5aν2 + t0aν + 2√3ν + t2ν2 + t3ν3Equal-mass, spinning Unequal mass, non-spinning

Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis Conlusions SpinsAuray for Misaligned SpinsAligned spinning

Cirles refer to equal-mass, equal-spinbinaries in (Rezzolla-etal,Marronetti-etal, Berti-etal,Buonanno-etal 2007),Triangles to equal-mass, unequal-spinbinaries in (Rezzolla-etal, Berti-etal),Squares to unequal-mass, equal-spinbinaries in (Berti-etal,Buonanno-etal,Rezzolla-etal).

Misaligned spinning

Hexagons refer to data from ref.(Campanelli:2006vp)Squares to the data obtained in AEIrunsCirles to data from ref.(Tihy:2007gso)Triangles to data from ref.(Herrmann:2007ex)Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physis ConlusionsSummaryBinary blak holes are a fertile ground for gravitational physis(reoil, spin, waveforms).Modelling of �nal spins and kiks within a few perent preisionHybrid methods, ombining post-Newtonian and perturbativeapproahes with numerial results are starting to provide a piture ofthe full inspiral-merger proess.Tehniques for numerial relativity are now rather advaned. Thereare still systemati problems to be takled:E�ieny.Improving initial data onstrution.Understanding limitations of wave extration at a �nite radius.Room for improvement by inluding Jrad in the orbital planeInteresting to see what we an disover about extremal spin regionsJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula
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