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The bina ry black hole p roblem

Radiation-reaction (the emission of gravitational w aves) causes the

o rbits to shrink.

A t la rge sepa ration, eccentricit y deca ys at a faster rate than the

o rbit deca y:

The late inspiral is exp ected to b e quasi-circula r fo r astrophysical

mo dels.

After merger, a single disto rted black hole is fo rmed

P erturbations deca y exp onentially follo w ed b y a p o w er-la w tail

Quasi-no rmal mo de ringing.

Result: A w avefo rm with gradually increasing frequency and

amplitude, follo w ed b y a sha rp cuto� after merger:
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The bina ry black hole p roblem

post-newtonian fully nonlinear perturbative

inspiral
plunge ringdown

time

Qualitative features of the merger � chirp � w avefo rm a re kno wn.

Di�erent app ro ximations a re app rop riate in di�erent regimes:

P ost-Newtonian at la rge sepa rations.

Numerical simulation fo r the last o rbits and merger.

P erturbative techniques fo r the ringdo wn.
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Numerical relativit y

W e a re interested to accurately determine the gravitational w ave

content and physical p rop erties of spacetimes which a re:

Strong.

Dynamical.

Without symmetries.

In the strong-�eld, dynamical regime, nonlinea r terms of the Einstein

equation pla y an imp o rtant role � app ro ximations b reak do wn.

W e reso rt to numerical computation (computer simulation) to

determine solutions of the Einstein equations:

R �� �
1

2

g �� R = 8 � T ��

F o r the purp ose of this talk, w e consider only vacuum solutions, ie.

T �� = 0 .
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3+1 decomp osition of Einstein equations

F oliate M with a set of spacelik e 3-D

hyp ersurfaces �
t

, pa rametrised b y t .

Decomp ose the trajecto ries of t into

comp onents no rmal and pa rallel to �
t

t

� = � n

� + � �

ab

t=0

t=dt

n

bdt

dta
K ab

g

� is called the � lapse �, and �xes the distance b et w een successive

slices.

� �
is the � shift �, and de�nes ho w co o rdinates move within the slice.

These quantities a re entirely gauge, ie. can b e freely chosen, do not

in�uence the physics.

3+1 line element:

ds

2 = � � 2

dt

2 + 

ij

( dx

i + � i

dt )( dx

j + � j

dt ):

Jennifer Seiler jese@aei.mpg.de BBH Final Spin F o rmula



Intro Implementation Physics Conclusions ADM BSSN Co o rds ID Evolution W ave Extraction

3+1 decomp osition of Einstein equations

The choice of no rmal n

�
naturally induces a metric on each slice via:


 �� = g �� + n � n �

The mixed fo rm of 
 �� p rojects tenso rs onto the spacelik e

hyp ersurfaces:

? �
� = � �

� + n

�
n �

Asso ciated compatible cova riant derivative in slices

D � := ? �
� r � ;

D � 
 �
 = 0 :

The extrinsic curvature (describing the emb edding of � in M ) is

given b y:

K �� = � ? �
� ? �

� r (� n � ) = �
1

2

L
n


 ��
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3+1 decomp osition of Einstein equations

The 4D Einstein equations can b e written out explicitly in terms of

derivatives of the spatial metric and the extrinsic curvature.

Evolution equations (6+6):

(@
t

� L � )

ab

= � 2 � K

ab

(@
t

� L � ) K

ab

= �r
a

r
b

� + � ( R

ab

+ KK

ab

� 2 K

ai

K

i

b

)

Constraints (1+3):

H = R + K

2 � K

ij

K

ij = 0 (hamiltonian)

M
a

= r i ( K

ai

� 

ai

K ) = 0 (momentum)

Cauchy p roblem fo r the ADM fo rmulation of Einstein's equations:

Prescrib e f 

ab

; K

ab

g at t = 0 subject to the constraints,

Sp ecify co o rdinates via � and � a

,

Evolve data to future using Einstein eqs and de�nition of K

ab

.
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Reduction to explicitly hyp erb olic fo rm

Expanding

R �� = 0 ;

w e get a PDE whose p rinciple pa rt contains mixed 2nd-derivatives of

the metric:

�
1

2

� g

ab

�
1

2

g

ij ( g

ij ; ab

� g

ia ; bj

� g

ib ; aj

) + g

ij

�
� k

ai

�
jkb

� � k

ab

�
ijk

�
= 0 :

Ha rmonic gauge : Mixed 2nd derivatives can b e removed b y

intro ducing the new va riables � g

ai

; i

= � a

(DeDonder 1921,

Cho quet-Bruhat 1952) :

� g

ab

= 2 g

i ( a

@
b ) �

i + 2 � i � ( ab ) i

+ 2 g

ij

�
2 � k

i ( a

�
b ) kj

+ � k

ai

�
kjb

�

The Einstein equations a re explicitly in the fo rm of a 2nd o rder w ave

equation fo r the metric.

Hyp erb olicit y , and thus stabilit y , follo ws directly from the reduction

to ha rmonic fo rm.
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Evolution equations: �BSSN� F o rmulation

(K ojima, Nak amura, Ooha ra 1987, Shibata, Nak amura 1995, Baumga rte, Shapiro 1999)

Key idea: Refo rmulate ADM b y changing va riables acco rding to certain

geometrical and stabilit y criteria.

1. Confo rmally decomp ose the 3-metric:

~

ab

= e

� 4 � 

ab

Intro duce the confo rmal facto r as an evolution va riable, and subject to

the algeb raic constraint det ~

ab

= 1

2. Evolve the trace of the extrinsic curvature as a sepa rate va riable.

� =
1

4

log  

K = 
 ij

K

ij

~

ab

= e

� 4 � 

ab

~
A

ab

= e

� 4 � ( K

ab

�
1

3



ab

K )

3. Intro duce evolution va riables (gauge source functions):

~� a = ~
 ij ~� a

ij

= � @
i

~
 ai
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BSSN evolution equations

Evolution equations:

(@
t

+ L � )~

ab

= � 2 � ~
A

ab

(@
t

+ L � )� = �
1

6

� K �

(@
t

+ L � ) ~
A

ab

= e

� 4 � ( D

a

D

b

� + � R

ab

) TF + � ( K

~
A

ab

� 2

~
A

ai

~
A

i

b

)

(@
t

+ L � ) K = � D

i

D

i

� + � ( ~
A

ij

~
A

ij +
1

3

K

2 )

@
t

~� a =~
 ij @
i

@
j

� a +
1

3

~
 ai @
i

@
j

� j + � i @
i

~� a � ~� i @
i

� a +
2

3

~� a @
i

� i

� 2

~
A

ai @
i

� + 2 � (~� a

ij

~
A

ij + 6

~
A

ai @
i

� �
2

3

~
 ai @
i

K )

Constraints:

H = R +
2

3

K

2 � ~
A

ij

~
A

ij = 0

M = D

j

�
e

4 � ~
A

ij �
2

3

e

4 � ~
 ij

K

�
= 0

Ga = ~� a � @
i

~
 ai = 0

A = ~
 ij ~
A

ij

= 0

S = det ~
 � 1 = 0
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Co o rdinate conditions

There a re a numb er of features w e'd lik e to see in a go o d choice of

co o rdinates:

Cover regions of spacetime of interest

Simplify equations of motion

eliminate evolution va riables

recast equations into nice fo rm (eg. ha rmonic co o rds)

Simplify the physics (eg. reduce dynamics on the numerical grid)

minimal disto rtion (Sma rr-Y o rk 1978), �symmetry seeking�

(Ga r�nkle-Gundlach 1999)

co-rotating co o rdinates

kno wn asymptotic states

A void physical singula rities

Computationally e�cient

Compatible with hyp erb olicit y , w ell-p osedness
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Co o rdinate conditions

The Bona-Massó slicing conditions have b ecome generic fo r

BSSN-t yp e evolutions.

(@
t

� � i @
i

)� = � � 2

f (� ) K

with f (� ) > 0.

f = 0: Geo desic slicing

f ! 1 : Maximal slicing

f = 1: Ha rmonic slicing

f = 2 =� : � 1 + log � slicing

They a re evolution equations �

inexp ensive to compute.

In pa rticula r, the 1 + log va riant

has excellent and w ell

understo o d singula rit y avoiding

p rop erties [Hannam et al. 2006] .
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Initial data fo r bina ry black holes

Misner data:

T w o isometric, time symmetric, confo rmally �at, sheets

connected b y N black holes, solved as in�nite series

expansion.

Brill-Lindquist:

Confo rmally �at, time symmetric, hamiltonian constraint

solved b y:  = 1 + � N

i = 1

m

i

2 r

i

:
Puncture:

Assume a confo rmal facto r of the fo rm:

 = u + � N

i = 1

m

i

2 r

i

:

Find C

2

solutions fo r u of the hamiltonian constraint:

~r 2

u +
1

8

� 7 ~
A

ij

~
A

ij ( 1 + � u ) � 7 ) = 0
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Discretisation of the Einstein Equations

The evolution of the �eld va riables is ca rried out using a metho d of

lines technique:

Time evolution is ca rried out using standa rd ODE techniques, such

as Runge-Kutta.

The evolution equations consists of any suitable spatial discretisation

of the RHS of the �eld equations.

Eg: Finite di�erences. Sp ectral metho ds. Finite elements.

F o r the results in this talk w e use �nite di�erencing:

Exact in the limit of in�nite resolution.

Higher o rder metho ds converge mo re quickly with

resolution, require la rger stencils.

F o r e�ciency , resolution is concentrated in the

strong �eld regions � � A daptive Mesh Re�nement �
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W ave extraction

It has b ecome standa rd to measure

w aves as expansions of the

Newman-P enrose 	
4

scala r.

An indep endent metho d measures

gage-inva riant p erturbations of a

Schw a rzschild black hole.

`Observers' a re placed on a 2-sphere at

some la rge radius.

Measure o dd-pa rit y ( Q

�
lm

) and

even-pa rit y ( Q

+
lm

) p erturbations of the

background metric.

h + � i h � =
1

p
2 r

1X

` = 2

X̀

m = 0

 

Q

+
` m

� i

Z
t

�1
Q

�
` m

( t

0) dt

0

!

� 2

Y

` m ;
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Cactus

BSSN 1st o rder in space, 2nd o rder in time

1+log lapse, � -driver shift evolution

(@
t

� � i @
i

)� = � 2 � K

@
t

� i = k @
t

~� i ( k > 0 )

Ca rp et A daptive Mesh Re�nement follo ws Puncture movement

Appa rent Ho rizon Finder and Isolated Ho rizons

W ave Extraction b oth with Zerrilli Extraction and the Newman

P enrose 	
4

Puncture initial data with PN derived o rbital pa rameters
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BH Astrophysics with Numerical Relativit y

There a re a numb er of interesting physics results available from

studying the last o rbits, plunge and ringdo wn.

State of the �nal BH from generic initial data

Recoil of the �nal BH

Mo de decomp osition of the plunge w avefo rm.

These results a re easily accessible, given reasonable

quasi-circula r/PN o rbit pa rameters at late times.

In a series of pap ers, w e have studied the merger physics of bina ry-BHs

with spins:

K oppitz et al. �Recoil V elo cities from Equal-Mass Bina ry-Black-Hole Mergers� , PRL 99 ,

041102 (2007).

P ollney et al. �Recoil velo cities from equal-mass bina ry black-hole mergers: a systematic

investigation of spin-o rbit aligned con�gurations� ,

Rezzolla et al., �Spin Diagrams fo r Equal-Mass Black-Hole Bina ries with Aligned Spins� ,

Rezzolla et al., �The �nal spin from the coalescence of aligned-spin black-hole bina ries� ,

Rezzolla et al., �On the �nal spin from the coalescence of t w o black holes� ,
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Kicks from bina ry black hole mergers

F o r an equal-mass, non-spinning bina ry merger, the remnant will b e

a stationa ry , spinning black hole.

If an asymmetry in the b o dies is p resent, the emitted in gravitational

w aves will also have asymmetry .

As a result, the remnant black hole will have momentum relative to

distant stationa ry observers, called a recoil o r kick.

Asymmetries in the emitted gravitational w ave energy a re a result of:

Unequal masses.

Unequal spin magnitudes.

Spins which a re misaligned with each other o r the o rbital angula r

momentum.

The recoil velo cit y has la rge implications fo r simulations of stella r

clusters and galaxies.
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Black hole kicks

The recoil results from couplings of va rious w ave mo des, which a re

integrated over the entire inspiral time.

F
i

� _
P

i

=
r

2

16 �

Z
d 
 n

i

�
_

h

2

+ + _
h

2

�

�

It is only in the last 1-2 o rbits b efo re merger that the recoil b ecomes

signi�cant.
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Black hole kicks

The �rst numerical calculations fo r unequal mass systems [Go dda rd,

P enn State, Jena] p rovided a strong validation of ea rlier analytical

estimate due to [Fitchett 83] .

So on after, it w as determined that much higher kick velo cities a re

obtainable when spins a re unequal [P enn State, AEI, UTB] .

In the anti-aligned case, a maximum recoil of: j v j
kic k

= 448 � 5km/s

0.15 0.2 0.25
h

0

50

100

150

200

250

300

v 
(k

m
/s

)

Baker, et al
Campanelli
Damour and Gopakumar
Herrmann, et al
Sopuerta, et al

[Gonzalez et al. 2006]

[P ollney et al. 2007]
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Recoil velo cities from spinning BHs

PN (2.5) suggests a linea r increase of recoil with spin ratio:

j v j
kic k

= c

1

q

2 ( 1 � q )
( 1 + q ) 5

+ c

2

a

2

q

2 ( 1 � qa

1

=a

2

)
( 1 + q ) 5

= ~c

2

a

2

�
1 �

a

1

a

2

�

In fact, the numerical data p oints to a

quadratic dep endence:

j v j
kic k

= a

2

( c

1

� c

2

(
a

1

a

2

) + c

3

(
a

1

a

2

) 2 )

The maximum recoil fo r the

anti-aligned case:

j v j
kic k

= 448 � 5 km =s

Excellent agreement with other

published numrel data.
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Recoil velo cities

The recoil velo cit y of the �nal BH can b e �t to a quadratic function

of the initial BH spins ( a

1

; a

2

) :

j v

kic k

j = j c

1

( a

1

� a

2

) + c

2

( a

2

1

� a

2

2

)j :

c

1

= � 220 :97 � 0 :78 ; c

2

= 45 :52 � 2 :99

Zero kick when a

1

= a

2

Linea r scaling along a

1

= � a

2
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Black Hole Spins

The objective of this talk is to derive a

phenomenological fo rmula fo r spin of a black hole

resulting from the merger of t w o black holes of

a rbitra rily o riented spins and generic mass ratio

This has applications fo r:

statistical distibution of black hole p rop erties

simulations of the central regions of galaxies

dynamics of sta r clusters

W e need to simulate 2 spinning black holes over a 7D

pa rameter space

f S

i

1

; S

i

2

; M

1

=M

2

g

to get one �nal black hole

f v

i

kick

gf S

i

�n

=M

2

�n

g
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W e obtain a general 2nd o rder p olynomial expansion with 5

restricting assumptions fo r our co e�cients:

mass radiated in graviational w aves ma y b e neglected, M

�n

� M :

M

rad

=M = 1 � M

�n

=M � 5 � 7 x 10

� 2

magnitude of the �nal spin vecto r is the sum of the initial spin

vecto rs �us a thrid vecto r,

~̀
:

S

�n

= S

1

+ S

2

+ ~̀

the vecto r ` is the di�erence b et w een the o rbital angula r

momentum when the bina ry is widely sepa rated L , and the

angula r momentum radiated up to the merger ` = L � J

rad

.

The vecto r

~̀
is pa rallel to L (co rrect b y equato rial symmetry fo r

spins aligned with L ) with a resulting erro r in the estimate of

� j J

?
rad

j 2 =j ~̀j 2 � j J

?
rad

j 2 =( 2

p
3 M

1

M

2

) 2

these erro rs a re small in

all the con�gurations that w e have analysed

When the initial spin vecto rs a re equal and opp osite ( S

1

= � S

2

)

and the masses a re equal ( q = 1), the spin of the �nal black

hole is the same as fo r the nonspinning bina ries

The extreme mass ratio limit (EMRL) is trivial

S

�n

= S

1

if M 7! 0
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Black Hole Spins

Using these assumptions, it follo ws that:

j a

�n

j =
1

( 1 + q ) 2

h
j a

1

j 2 + j a

2

j 2

q

4 + 2 j a

2

jj a

1

j q

2

cos � +

2

�
j a

1

j cos � + j a

2

j q

2

cos 

�

j` j q + j` j 2

q

2

i
1 =2

;

where cos � � â

1

� â

2

; cos � � â

1

� ^̀; cos 
 � â

2

� ^̀:
In o rder to obtain j` j w e need to match this equation against

general second o rder p olynomial expansions fo r:

Equal mass, unequal but aligned spin bina ries

Unequal mass, equal spin bina ries

j` j =
s

4

( 1 + q

2 ) 2

�
j a

1

j 2 + j a

2

j 2

q

4 + 2 j a

1

jj a

2

j q

2

cos �
�

+
�

s

5

� + t

0

+ 2

1 + q

2

�
�
j a

1

j cos � + j a

2

j q

2

cos 

�

+

2

p
3 + t

2

� + t

3

� 2 :

Numerical simulations to obtain s

4

; s

5

; t

0

; t

2

; t

3

.

T est against generic misaligned spin bina ries.
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Final spin via ho rizon shap e

V alid once a common ho rizon has fo rmed and settled do wn to a

p erturb ed state.

Measure equato rial circumference C

e

and p ola r circumference C

p

along o rthogonal great circles.

C

r

= C

p

=C

e

settles to a constant value:

C

r

( j ) =
1 +

p
1 � j

2

�
E

 

�
j

2

( 1 +
p

1 � j

2 ) 2

!

where j = a =M , and E ( k ) is the complete elliptic integral of the

second kind

E ( k ) =
Z �= 2

0

p
1 � k sin

2 � d �:

This equation is integrated numerically to obtain j from the ho rizon

shap e.
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P a rameter studies with spinning black holes

Aligned spin leads to an o rbital hangup.
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Equal Mass, Aligned Unequal Spin Bina ries

W e have ca rried out studies in the pa rameter space of equal-mass aligned

spin bina ries, sta rting from non-eccentric o rbit.

V a ry the spin of each BH from a = � 0 : 6 to a = + 0 : 6.

Initial studies determined �nal BH pa rameters (�nal spin, radiated energy ,

kick) as a function of bina ry pa rameters.

Kick dep ends quadratically on the spin di�erence, up to � 450 km =s in the

maximal case.

Final spin is an almost linea r function of the initial spins.

Spin of the �nal BH.
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Aligned Unequal Spins, Equal Mass

The resulting exp ression is:

a

�n

= p

0

+ p

1

( a

1

+ a

2

) + p

2

( a

1

+ a

2

) 2 :

with

p

0

= 0 :6883 � 0 :0003 ; p

1

= 0 :1530 � 0 :0004 ; p

2

= � 0 :0088 � 0 :0005 ;

p

0

=

p
3

2

+
t

2

16

+
t

3

64

; p

1

=
1

2

+
s

5

32

+
t

0

8

; p

2

=
s

4

16

:

p redicts a minimum and maximum

spin:

( a

�n

)
min

� 0 :347

( a

�n

)
max

� 0 :959

fo r alligned spins.
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Unequal Mass, Aligned Spins

The spin of the �nal black hole has b een determined fo r very generic

initial conditions:

Arbitra ry aligned spins

Unequal masses

In the extreme-mass-ratio limit, app ro ximation metho ds can b e used.

a

�n

= a + s

4

a

2 � + s

5

a � 2 + t

0

a � + 2

p
3 � + t

2

� 2 + t

3

� 3
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0.05      
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0.15      

0.2      
0.25      

-1

-0.5

 0

 0.5

 1

 1.5

afin

a

n

afin

s

4

= � 0 :129 � 0 :012

s

5

= � 0 :384 � 0 :261

t

0

= � 2 :686 � 0 :065

t

2

= � 3 :454 � 0 :132

t

3

= 2 :353 � 0 :548
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A ccuracy fo r Aligned spins

Numerical relativit y results fo r non-spinning BHs (Jena, Go dda rd, P enn

State)

Extreme mass ratio calculations fo r the m

1

� m

2

limit

(Buonanno-Kidder-Lehner 2007)

a

�n

= a + s

4

a

2 � + s

5

a � 2 + t

0

a � + 2

p
3 � + t

2

� 2 + t

3

� 3

Equal-mass, spinning Unequal mass, nonspinning

Jennifer Seiler jese@aei.mpg.de BBH Final Spin F o rmula



Intro Implementation Physics Conclusions Kicks Spins

A ccuracy fo r Misaligned Spins

Aligned spinning

Circles refer to equal-mass, equal-spin

bina ries in (Rezzolla-etal,

Ma rronetti-etal, Berti-etal,

Buonanno-etal 2007),

T riangles to equal-mass, unequal-spin

bina ries in (Rezzolla-etal, Berti-etal),

Squa res to unequal-mass, equal-spin

bina ries in (Berti-etal,Buonanno-

etal,Rezzolla-etal).

Misaligned spinning

Hexagons refer to data from ref.

(Campanelli:2006vp)

Squa res to the data obtained in AEI

runs

Circles to data from ref.

(Tichy:2007gso)

T riangles to data from ref.

(Herrmann:2007ex)
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Summa ry

Bina ry black holes a re a fertile ground fo r gravitational physics

(recoil, spin, w avefo rms).

Mo dellinog of �nal spins and kicks within ia few p ercent p recision

Hyb rid metho ds, combining p ost-Newtonian and p erturbative

app roaches with numerical results a re sta rting to p rovide a picture of

the full inspiral-merger p ro cess.

T echniques fo r numerical relativit y a re no w rather advanced. There

a re still systematic p roblems to b e tackled:

E�ciency .

Imp roving initial data construction.

Understanding limitations of w ave extraction at a �nite radius.

Ro om fo r imp rovement b y including J

rad

in the o rbital plane

Interesting to see what w e can discover ab out extremal spin regions
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Thank Y ou.
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