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Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionThe binary bla
k hole problemRadiation-rea
tion (the emission of gravitational waves) 
auses theorbits to shrink.At large separation, e

entri
ity de
ays at a faster rate than theorbit de
ay:The late inspiral is expe
ted to be quasi-
ir
ular for astrophysi
almodels.After merger, a single distorted bla
k hole is formedPerturbations de
ay exponentially followed by a power-law tailQuasi-normal mode ringing.Result: A waveform with gradually in
reasing frequen
y andamplitude, followed by a sharp 
uto� after merger:
Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionThe binary bla
k hole problem
post−newtonian fully nonlinear perturbative

inspiral
plunge ringdown

timeQualitative features of the merger �
hirp� waveform are known.Di�erent approximations are appropriate in di�erent regimes:Post-Newtonian at large separations.Numeri
al simulation for the last orbits and merger.Perturbative te
hniques for the ringdown.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionNumeri
al relativityWe are interested to a

urately determine the gravitational wave
ontent and physi
al properties of spa
etimes whi
h are:Strong.Dynami
al.Without symmetries.In the strong-�eld, dynami
al regime, nonlinear terms of the Einsteinequation play an important role � approximations break down.We resort to numeri
al 
omputation (
omputer simulation) todetermine solutions of the Einstein equations:Rαβ − 12gαβR = 8πTαβFor the purpose of this talk, we 
onsider only va
uum solutions, ie.Tαβ = 0. Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tion3+1 de
omposition of Einstein equationsFoliate M with a set of spa
elike 3-Dhypersurfa
es Σt , parametrised by t.De
ompose the traje
tories of t into
omponents normal and parallel to Σttµ = αnµ + βµ

ab

t=0

t=dt

n

βdt

dtα
K ab

γ

α is 
alled the �lapse�, and �xes the distan
e between su

essivesli
es.
βµ is the �shift�, and de�nes how 
oordinates move within the sli
e.These quantities are entirely gauge, ie. 
an be freely 
hosen, do notin�uen
e the physi
s.3+1 line element:ds2 = −α2dt2 + γij(dx i + βidt)(dx j + βjdt).Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tion3+1 de
omposition of Einstein equationsThe 
hoi
e of normal nα naturally indu
es a metri
 on ea
h sli
e via:
γαβ = gαβ + nαnβThe mixed form of γαβ proje
ts tensors onto the spa
elikehypersurfa
es:
⊥α

β = δα
β + nαnβAsso
iated 
ompatible 
ovariant derivative in sli
esDα :=⊥µ

α∇µ,Dαγβγ = 0.The extrinsi
 
urvature (des
ribing the embedding of Σ in M) isgiven by: Kαβ = − ⊥α
µ ⊥β

ν∇(µnν) = −12LnγαβJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tion3+1 de
omposition of Einstein equationsThe 4D Einstein equations 
an be written out expli
itly in terms ofderivatives of the spatial metri
 and the extrinsi
 
urvature.Evolution equations (6+6):
(∂t − Lβ)γab = −2αKab
(∂t − Lβ)Kab = −∇a∇bα+ α(Rab + KKab − 2KaiK i b)Constraints (1+3):

H = R + K 2 − KijK ij = 0 (hamiltonian)
Ma = ∇i (Kai − γaiK ) = 0 (momentum)Cau
hy problem for the ADM formulation of Einstein's equations:Pres
ribe {γab,Kab} at t = 0 subje
t to the 
onstraints,Spe
ify 
oordinates via α and βa,Evolve data to future using Einstein eqs and de�nition of Kab.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionRedu
tion to expli
itly hyperboli
 formExpanding Rαβ = 0,we get a PDE whose prin
iple part 
ontains mixed 2nd-derivatives ofthe metri
:
−12�gab − 12g ij (gij,ab − gia,bj − gib,aj) + g ij (Γk aiΓjkb − ΓkabΓijk) = 0.Harmoni
 gauge: Mixed 2nd derivatives 
an be removed byintrodu
ing the new variables −gai

,i = Γa (DeDonder 1921,Choquet-Bruhat 1952):
�gab = 2gi(a∂b)Γ

i + 2ΓiΓ(ab)i + 2g ij (2Γk i(aΓb)kj + ΓkaiΓkjb)The Einstein equations are expli
itly in the form of a 2nd order waveequation for the metri
.Hyperboli
ity, and thus stability, follows dire
tly from the redu
tionto harmoni
 form.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionEvolution equations: �BSSN� Formulation(Kojima, Nakamura, Oohara 1987, Shibata, Nakamura 1995, Baumgarte, Shapiro 1999)Key idea: Reformulate ADM by 
hanging variables a

ording to 
ertaingeometri
al and stability 
riteria.1. Conformally de
ompose the 3-metri
:
γ̃ab = e−4φγabIntrodu
e the 
onformal fa
tor as an evolution variable, and subje
t tothe algebrai
 
onstraint det γ̃ab = 12. Evolve the tra
e of the extrinsi
 
urvature as a separate variable.

φ =
14 logψK = γ ijKij γ̃ab = e−4φγabÃab = e−4φ(Kab − 13γabK )3. Introdu
e evolution variables (gauge sour
e fun
tions):

Γ̃a = γ̃ ij Γ̃aij = −∂i γ̃aiJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionBSSN evolution equationsEvolution equations:
(∂t + Lβ)γ̃ab = − 2αÃab

(∂t + Lβ)φ = −
16αKφ

(∂t + Lβ)Ãab =e−4φ(DaDbα + αRab)TF + α(KÃab − 2Ãai Ãi b)

(∂t + Lβ)K = − D iDiα + α(Ãij Ãij +
13K2)

∂t Γ̃a =γ̃ij∂i∂jβa +
13 γ̃ai∂i∂jβj + βi∂i Γ̃a

− Γ̃i∂iβa +
23 Γ̃a∂iβi

− 2Ãai∂iα + 2α(Γ̃aij Ãij + 6Ãai∂iφ −
23 γ̃ai∂iK)Constraints:

H = R +
23K2 − Ãij Ãij = 0

M = Dj „e4φÃij
−

23 e4φγ̃ijK«

= 0
Ga = Γ̃a − ∂i γ̃ai = 0
A = γ̃ij Ãij = 0
S = det γ̃ − 1 = 0Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionCoordinate 
onditionsThere are a number of features we'd like to see in a good 
hoi
e of
oordinates:Cover regions of spa
etime of interestSimplify equations of motioneliminate evolution variablesre
ast equations into ni
e form (eg. harmoni
 
oords)Simplify the physi
s (eg. redu
e dynami
s on the numeri
al grid)minimal distortion (Smarr-York 1978), �symmetry seeking�(Gar�nkle-Gundla
h 1999)
o-rotating 
oordinatesknown asymptoti
 statesAvoid physi
al singularitiesComputationally e�
ientCompatible with hyperboli
ity, well-posednessJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionCoordinate 
onditionsThe Bona-Massó sli
ing 
onditions have be
ome generi
 forBSSN-type evolutions.
(∂t − βi∂i )α = −α2f (α)Kwith f (α) > 0.f = 0: Geodesi
 sli
ingf → ∞: Maximal sli
ingf = 1: Harmoni
 sli
ingf = 2/α: �1 + log� sli
ingThey are evolution equations �inexpensive to 
ompute.In parti
ular, the 1+ log varianthas ex
ellent and wellunderstood singularity avoidingproperties [Hannam et al. 2006℄.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionInitial data for binary bla
k holesMisner data:Two isometri
, time symmetri
, 
onformally �at, sheets
onne
ted by N bla
k holes, solved as in�nite seriesexpansion.Brill-Lindquist:Conformally �at, time symmetri
, hamiltonian 
onstraintsolved by: ψ = 1+ ΣNi=1mi2ri .Pun
ture:Assume a 
onformal fa
tor of the form:
ψ = u + ΣNi=1mi2ri .Find C 2 solutions for u of the hamiltonian 
onstraint:

∇̃2u +
18χ7Ãij Ãij (1 + χu)−7) = 0Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionDis
retisation of the Einstein EquationsThe evolution of the �eld variables is 
arried out using a method oflines te
hnique:Time evolution is 
arried out using standard ODE te
hniques, su
has Runge-Kutta.The evolution equations 
onsists of any suitable spatial dis
retisationof the RHS of the �eld equations.Eg: Finite di�eren
es. Spe
tral methods. Finite elements.For the results in this talk we use �nite di�eren
ing:Exa
t in the limit of in�nite resolution.Higher order methods 
onverge more qui
kly withresolution, require larger sten
ils.For e�
ien
y, resolution is 
on
entrated in thestrong �eld regions � �Adaptive Mesh Re�nement�Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions ADM BSSN Coords ID Evolution Wave Extra
tionWave extra
tionIt has be
ome standard to measurewaves as expansions of theNewman-Penrose Ψ4 s
alar.An independent method measuresgage-invariant perturbations of aS
hwarzs
hild bla
k hole.`Observers' are pla
ed on a 2-sphere atsome large radius.Measure odd-parity (Q×lm) andeven-parity (Q+lm) perturbations of theba
kground metri
.h+−ih× =
1√2r ∞
∑

ℓ=2 ℓ
∑m=0(Q+

ℓm−i ∫ t
−∞

Q×

ℓm(t ′)dt ′)−2Y ℓm ,Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions The Ca
tus CodeCa
tusBSSN 1st order in spa
e, 2nd order in time1+log lapse, Γ-driver shift evolution
(∂t − βi∂i )α = −2αK
∂tβi = k∂t Γ̃i (k > 0)Carpet Adaptive Mesh Re�nement follows Pun
ture movementApparent Horizon Finder and Isolated HorizonsWave Extra
tion both with Zerrilli Extra
tion and the NewmanPenrose Ψ4Pun
ture initial data with PN derived orbital parametersJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsBH Astrophysi
s with Numeri
al RelativityThere are a number of interesting physi
s results available fromstudying the last orbits, plunge and ringdown.State of the �nal BH from generi
 initial dataRe
oil of the �nal BHMode de
omposition of the plunge waveform.These results are easily a

essible, given reasonablequasi-
ir
ular/PN orbit parameters at late times.In a series of papers, we have studied the merger physi
s of binary-BHswith spins:Koppitz et al. �Re
oil Velo
ities from Equal-Mass Binary-Bla
k-Hole Mergers�, PRL 99,041102 (2007).Pollney et al. �Re
oil velo
ities from equal-mass binary bla
k-hole mergers: a systemati
investigation of spin-orbit aligned 
on�gurations�,Rezzolla et al., �Spin Diagrams for Equal-Mass Bla
k-Hole Binaries with Aligned Spins�,Rezzolla et al., �The �nal spin from the 
oales
en
e of aligned-spin bla
k-hole binaries�,Rezzolla et al., �On the �nal spin from the 
oales
en
e of two bla
k holes�,Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsKi
ks from binary bla
k hole mergersFor an equal-mass, non-spinning binary merger, the remnant will bea stationary, spinning bla
k hole.If an asymmetry in the bodies is present, the emitted in gravitationalwaves will also have asymmetry.As a result, the remnant bla
k hole will have momentum relative todistant stationary observers, 
alled a re
oil or ki
k.Asymmetries in the emitted gravitational wave energy are a result of:Unequal masses.Unequal spin magnitudes.Spins whi
h are misaligned with ea
h other or the orbital angularmomentum.The re
oil velo
ity has large impli
ations for simulations of stellar
lusters and galaxies.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsBla
k hole ki
ksThe re
oil results from 
ouplings of various wave modes, whi
h areintegrated over the entire inspiral time.
Fi ≡ Ṗi =

r216π ∫ dΩ ni (ḣ2+ + ḣ2
×

)It is only in the last 1-2 orbits before merger that the re
oil be
omessigni�
ant.

Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsBla
k hole ki
ksThe �rst numeri
al 
al
ulations for unequal mass systems [Goddard,Penn State, Jena℄ provided a strong validation of earlier analyti
alestimate due to [Fit
hett 83℄.Soon after, it was determined that mu
h higher ki
k velo
ities areobtainable when spins are unequal [Penn State, AEI, UTB℄.In the anti-aligned 
ase, a maximum re
oil of: |v |ki
k = 448± 5km/s
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Intro Implementation Physi
s Con
lusions Ki
ks SpinsRe
oil velo
ities from spinning BHsPN (2.5) suggests a linear in
rease of re
oil with spin ratio:
|v |ki
k = 
1 q2(1− q)

(1 + q)5 + 
2 a2q2(1− qa1/a2)
(1 + q)5 = 
̃2a2(1− a1a2)In fa
t, the numeri
al data points to aquadrati
 dependen
e:

|v |ki
k = a2(
1 − 
2(a1a2 ) + 
3(a1a2 )2)The maximum re
oil for theanti-aligned 
ase:
|v |ki
k = 448± 5km/sEx
ellent agreement with otherpublished numrel data.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsRe
oil velo
itiesThe re
oil velo
ity of the �nal BH 
an be �t to a quadrati
 fun
tionof the initial BH spins (a1, a2):

|vki
k| = |
1(a1 − a2) + 
2(a 21 − a 22 )| .
1 = −220.97± 0.78 , 
2 = 45.52± 2.99Zero ki
k when a1 = a2 Linear s
aling along a1 = −a2Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsBla
k Hole SpinsThe obje
tive of this talk is to derive aphenomenologi
al formula for spin of a bla
k holeresulting from the merger of two bla
k holes ofarbitrarily oriented spins and generi
 mass ratioThis has appli
ations for:statisti
al distibution of bla
k hole propertiessimulations of the 
entral regions of galaxiesdynami
s of star 
lustersWe need to simulate 2 spinning bla
k holes over a 7Dparameter spa
e
{S i1, S i2,M1/M2}to get one �nal bla
k hole
{v iki
k}{S i�n/M2�n}
Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsWe obtain a general 2nd order polynomial expansion with 5restri
ting assumptions for our 
oe�
ients:mass radiated in graviational waves may be negle
ted, M�n ≈ M:Mrad/M = 1 −M�n/M ≈ 5− 7x10−2magnitude of the �nal spin ve
tor is the sum of the initial spinve
tors �us a thrid ve
tor, ℓ̃:S�n = S1 + S2 + ℓ̃the ve
tor ℓ is the di�eren
e between the orbital angularmomentum when the binary is widely separated L, and theangular momentum radiated up to the merger ℓ = L− Jrad.The ve
tor ℓ̃ is parallel to L (
orre
t by equatorial symmetry forspins aligned with L) with a resulting error in the estimate of
∼ |J⊥rad|2/|ℓ̃|2 ∼ |J⊥rad|2/(2√3M1M2)2 these errors are small inall the 
on�gurations that we have analysedWhen the initial spin ve
tors are equal and opposite (S1 = −S2)and the masses are equal (q = 1), the spin of the �nal bla
khole is the same as for the nonspinning binariesThe extreme mass ratio limit (EMRL) is trivialS�n = S1 if M 7→ 0Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsBla
k Hole SpinsUsing these assumptions, it follows that:
|a�n| =

1
(1 + q)2 [|a1|2 + |a2|2q4 + 2|a2||a1|q2 
osα+2 (|a1| 
osβ + |a2|q2 
os γ) |ℓ|q + |ℓ|2q2]1/2 ,where 
osα ≡ â1 · â2 , 
osβ ≡ â1 · ℓ̂ , 
os γ ≡ â2 · ℓ̂ .In order to obtain |ℓ| we need to mat
h this equation againstgeneral se
ond order polynomial expansions for:Equal mass, unequal but aligned spin binariesUnequal mass, equal spin binaries

|ℓ| =
s4

(1 + q2)2 `

|a1|2 + |a2|2q4 + 2|a1||a2|q2 
osα´

+

„ s5ν + t0 + 21 + q2 «

`

|a1| 
os β + |a2|q2 
os γ´

+2√3 + t2ν + t3ν2 .Numeri
al simulations to obtain s4, s5, t0, t2, t3.Test against generi
 misaligned spin binaries.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsFinal spin via horizon shapeValid on
e a 
ommon horizon has formed and settled down to aperturbed state.Measure equatorial 
ir
umferen
e Ce and polar 
ir
umferen
e Cpalong orthogonal great 
ir
les.Cr = Cp/Ce settles to a 
onstant value:Cr (j) =
1 +

√1− j2
π

E (− j2
(1 +

√1− j2)2)where j = a/M , and E (k) is the 
omplete ellipti
 integral of these
ond kind E (k) =

∫ π/20 √1− k sin2 θdθ.This equation is integrated numeri
ally to obtain j from the horizonshape. Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsParameter studies with spinning bla
k holesAligned spin leads to an orbital hangup.r0 r1 r2 r3 r4 r5 r6 r7 r8
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Intro Implementation Physi
s Con
lusions Ki
ks SpinsEqual Mass, Aligned Unequal Spin BinariesWe have 
arried out studies in the parameter spa
e of equal-mass alignedspin binaries, starting from non-e

entri
 orbit.Vary the spin of ea
h BH from a = −0.6 to a = +0.6.Initial studies determined �nal BH parameters (�nal spin, radiated energy,ki
k) as a fun
tion of binary parameters.Ki
k depends quadrati
ally on the spin di�eren
e, up to ∼ 450km/s in themaximal 
ase.Final spin is an almost linear fun
tion of the initial spins.
Spin of the �nal BH.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsAligned Unequal Spins, Equal MassThe resulting expression is:a�n = p0 + p1(a1 + a2) + p2(a1 + a2)2 .withp0 = 0.6883± 0.0003, p1 = 0.1530± 0.0004, p2 = −0.0088± 0.0005,p0 =

√32 +
t216 +

t364 , p1 =
12 +

s532 +
t08 , p2 =

s416 .predi
ts a minimum and maximumspin:
(a�n)min ≈ 0.347
(a�n)max ≈ 0.959for alligned spins.Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsUnequal Mass, Aligned SpinsThe spin of the �nal bla
k hole has been determined for very generi
initial 
onditions:Arbitrary aligned spinsUnequal massesIn the extreme-mass-ratio limit, approximation methods 
an be used.a�n = a + s4a2ν + s5aν2 + t0aν + 2√3ν + t2ν2 + t3ν3
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Intro Implementation Physi
s Con
lusions Ki
ks SpinsA

ura
y for Aligned spinsNumeri
al relativity results for non-spinning BHs (Jena, Goddard, PennState)Extreme mass ratio 
al
ulations for the m1 ≫ m2 limit(Buonanno-Kidder-Lehner 2007)a�n = a + s4a2ν + s5aν2 + t0aν + 2√3ν + t2ν2 + t3ν3Equal-mass, spinning Unequal mass, nonspinning

Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Ki
ks SpinsA

ura
y for Misaligned SpinsAligned spinning

Cir
les refer to equal-mass, equal-spinbinaries in (Rezzolla-etal,Marronetti-etal, Berti-etal,Buonanno-etal 2007),Triangles to equal-mass, unequal-spinbinaries in (Rezzolla-etal, Berti-etal),Squares to unequal-mass, equal-spinbinaries in (Berti-etal,Buonanno-etal,Rezzolla-etal).

Misaligned spinning

Hexagons refer to data from ref.(Campanelli:2006vp)Squares to the data obtained in AEIrunsCir
les to data from ref.(Ti
hy:2007gso)Triangles to data from ref.(Herrmann:2007ex)Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Future WorkSummaryBinary bla
k holes are a fertile ground for gravitational physi
s(re
oil, spin, waveforms).Modellinog of �nal spins and ki
ks within ia few per
ent pre
isionHybrid methods, 
ombining post-Newtonian and perturbativeapproa
hes with numeri
al results are starting to provide a pi
ture ofthe full inspiral-merger pro
ess.Te
hniques for numeri
al relativity are now rather advan
ed. Thereare still systemati
 problems to be ta
kled:E�
ien
y.Improving initial data 
onstru
tion.Understanding limitations of wave extra
tion at a �nite radius.Room for improvement by in
luding Jrad in the orbital planeInteresting to see what we 
an dis
over about extremal spin regionsJennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Future Work
Thank You.

Jennifer Seiler jese�aei.mpg.de BBH Final Spin Formula



Intro Implementation Physi
s Con
lusions Future Work[G. Calabrese and C. Gundla
h, gr-q
 0509119℄Dis
rete Boundary Treatment for the Shifted Wave Equation in Se
ond OrderForm and Related Problems.General Relativity and Quantum Cosmology, 0509119, 31 July 2006.[Kreiss and Wini
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